We study the Goos-Hänchen (GH) shifts for transmitted Dirac fermions in gapped graphene through a single barrier structure having a time periodic oscillating component. Our analysis shows that the GH shifts in transmission for central band l = 0 and two first sidebands l = ±1 change sign at the Dirac points E = V + l ω. In particular the GH shifts in transmission exhibit enhanced peaks at each bound state associated with the single barrier when the incident angle is less than the critical angle associated with total reflection.
Introduction
There is a big progress in studying quantum phenomena in graphene systems among them we cite the quantum version of the Goos-Hänchen (GH) effect originating from the reflection of particles from interfaces [1] . Many works in various graphene-based nanostructures, including single [2] , double barrier [3] , and superlattices [4] , showed that the GH shifts can be enhanced by the transmission resonances and controlled by varying the electrostatic potential and induced gap [2] . Similar to those in semiconductors, the GH shifts in graphene can also be modulated by electric and magnetic barriers [5] . It has been reported that the GH shift plays an important role in the group velocity of quasiparticles along interfaces of graphene p-n junctions [6, 7] .
Quantum transport in periodically driven quantum systems is an important subject not only of academic value but also for device and optical applications. In particular quantum interference within an oscillating time-periodic electromagnetic field gives rise to additional sidebands at energies E + l ω (l = 0, ±1, · · · ) ) in the transmission probability originating from the fact that electrons exchange energy quanta ω carried by photons of the oscillating field, ω being the frequency of the oscillating field. The standard model in this context is that of a time-modulated scalar potential in a finite region of space. It was studied earlier of Dayem and Martin [8] who provided evidence of photon assisted tunneling in experiments on superconducting films under microwave fields, then Tien and Gordon [9] provided the first theoretical explanation of these experimental observations. Further theoretical studies were performed later by many research groups, in particular Buttiker and Landauer investigated the barrier traversal time of particles interacting with a time-oscillating barrier [10] . Then Wagner and other workers [11] gave a detailed treatment on photon-assisted transport through quantum wells and barriers with oscillating potentials and studied in depth the transmission probability as a function of the potential parameters.
Motivated by this work [12] , we consider the transport of Dirac fermions in gapped graphene through a square potential barrier driven by a periodic potential. The barrier height oscillates sinusoidally around an average value V j with oscillation amplitude U j and frequency ω. Thus we will investigate the negative and positive GH shifts in transmission for the central band and sidebands of Dirac fermions through a time-oscillating potential in monolayer graphene, based on the tunable transmission gap [2, 13] . The GH shifts for the central band and first sidebands discussed here are related to the transmission resonances, which are quite different from the GH shift for total reflection at a single graphene interface. From the solution of the energy spectrum we show how to derive the GH shifts for the central band and sidebands as function of different physical parameters based on the phase shifts. To give a better understanding of our results, we perform a numerical study based on various choices of the physical parameters. Among the obtained results we show that GH shifts in transmission can be controlled by a square potential barrier harmonically oscillating in time.
The work is organized as follows. In section 2, we use the solutions of the energy spectrum associated with our system together with transmission probabilities to determine the GH shifts. We numerically analyze and discuss the GH shifts in transmission within the central band and first sidebands by considering suitable choices of the physical parameters in section 3. Conclusions are given in last section.
Goos-Hänshen shifts
We consider Dirac fermions in gapped graphene subject to a square potential barrier of width d and oscillating sinusoidally around height V j with amplitude U j and frequency ω. Fermions with energy E are incident from one side of the barrier at angle φ 0 with respect to the x-axis and leave the barrier with energy E + m ω (m = 0, ±1, ±2, · · · ) making angles π − φ m after reflection and φ m after transmission. The corresponding Hamiltonian is
where υ F is the Fermi velocity, σ = (σ x , σ y ) are the usual Pauli matrices I 2 , the 2×2 unit matrix, V and U j are the static square potential barrier and the amplitude of the oscillating potential, respectively. Both V and U j are constants for 0 ≤ x ≤ d with d positive and are zero elsewhere (Figure 1 ), such as
and the subscript j = 0, 1, 2 denotes each scattering region from left to right as shown in Figure 1 . The parameter ∆ = mv 2 F is the energy gap owing to the sublattice symmetry breaking or can be seen as the energy gap ∆ = ∆ = t ′ Θ xd − x 2 originating from spin-orbit interaction and Θ is the Heaviside step function. 
̟ and taking = 1, we solve the Dirac equation in the three regions. For region 0 (x < 0):
with the sign function s l = sgn(ǫ + l̟). For region 2 (x > d):
where {b l } is the null vector. For region 1 (0 < x < d):
associated to the energy
is the Bessel function of the first kind such that J m−l (α 1 ) = δ m,l because of the modulation amplitude u j = 0.
As usual the transmission and reflecting probabilities can be obtained using the continuity of the spinor wavefunctions at junction interfaces (x = 0, x = d), namely ψ 0 (0, y, t) = ψ 1 (0, y, t) and ψ 1 (d, y, t) = ψ 2 (d, y, t). These give rise to the matrix representation
and the total transfer matrix M = M(0, 1) · M(1, 2). Here M(j, j + 1) are transfer matrices that couple the wave function in the j-th region to the wave function in the (j + 1)-th region
where we have set the parameters
and the null matrix is denoted by O, I is the unit matrix. We assume an electron propagating from left to right with quasienergy ǫ. Then, τ = (1, 2), Ξ 0 = {δ 0,l } and Ξ ′ 2 = {a m } is the null vector, whereas Ξ 2 = {t l } and Ξ ′ 0 = {r l } are the vectors for transmitted and of reflected waves, respectively, Ξ 2 = (M 11 ) −1 · Ξ 0 . The minimum number N of sidebands that need to be considered is determined by the strength of the oscillation, N > v 1 ̟ , and the infinite series for T can be truncated to consider a finite number of terms starting from −N up to N . Furthermore, analytical results are obtained if we consider small values of α 1 = u 1 ̟ and include only the first two sidebands at energies ǫ ± ̟ along with the central band at energy ǫ
where k = 0, 1, 2, · · · , 2N and M ′ is a matrix element of M 11 −1 . Using the reflected J re and transmitted J tr currents, the reflection and transmission coefficients R l and T l can be expressed as
where T l is the probability amplitude describing the scattering of an electron with incident quasienergy E in the region (0) into the sideband with quasienergy E + l ω in the region 1. Thus, the rank of the transfer matrix M increase with the amplitude of the time-oscillating potential. Due to numerical difficulties, we are able to truncate in (15) retaining only the terms corresponding to the central and first sidebands, namely l = 0, ±1. we can proceed as before to derive transmission amplitudes
where the corresponding phase shifts and modulus are given by
These can be used to write
The Goos-Hänchen shifts in graphene can be analyzed by considering an incident, reflected and transmitted beams around some transverse wave vector k y = k y 0 and the angle of incidence φ l (k y 0 ) lies in the interval [0, π 2 ]. These beams can be written in terms of our energy spectrum. Indeed, for the incident and reflected waves, we have
where the reflection amplitude is r l (k y ) = |r l |e iϕ r l , φ l = tan −1 ky k l and φ 0 is the incident angle. This fact is represented by writing the x-component of wave vector, k l as well as φ l in terms of k y and f (k y −k y0 ) the angular spectral distribution. We can approximate the k y -dependent terms by a Taylor expansion around k y , retaining only the first order term to end up with
Finally, the transmitted beams are
where the transmission coefficient is t l (k y ) = |t l |e iϕ t l . The stationary-phase approximation indicates that the GH shifts are equal to the negative gradient of transmission phase with respect to k y . To calculate the GH shifts of the transmitted beam through our system, according to the stationary phase method [14] , we adopt the definition [15, 16] 
Assuming a finite-width beam with the Gaussian shape, f (k y − k y 0 ) = w y exp[−w 2 y (k y − k y 0 ) 2 ] around k y0 , where w y = w sec φ l , with half beam width w at waist, we can evaluate the Gaussian integral to obtain the spatial profile of the incident beam, by expanding φ l and k l to first order around k y0 when satisfying the condition δφ l = λ F /(πw) ≪ 1 with the Fermi wavelength λ F . Comparison of the incident and transmitted beams suggests that the displacements σ ± of up and down spinor components are both equal to ∂ϕ t l /∂k y0 and the average displacement is
Next we will numerically analyze and discuss the GH shifts for the central band S t 0 and first sidebands S t ±1 for Dirac fermions in graphene scattered by square barrier height that oscillates sinusoidally. This will be done by tuning on different physical parameters characterizing our system under suitable conditions.
Discussion of numerical results
To allow for a suitable interpretation of our main results, we compute numerically the GH shifts in transmission for the central band and first sidebands under various conditions. First we plot the GH shifts in transmission S t l as a function of the energy potential v of the oscillating barrier in the gapless graphene µ = 0, the energy ǫ = 10 and the frequency ̟ = 1, see Figure 2 . It is clear that the GH shifts change sign at the Dirac points, namely v = ǫ + l̟ with (l = −1, 0, 1). We observe that S t l exhibit negative as well as positive values and strongly depending on the location of Dirac points. In Figure 2 (a), we observe, for the conditions width d = 2.5, α = 0.2 and k y = 1, that the GH shifts in transmission for central band and and two first sidebands S t 0 (blue line), S t −1 (green line) and S t 1 (red line) change sign at the Dirac points ǫ, ǫ − ̟ and ǫ + ̟, respectively. Figure 2(b) shows for different values of α 1 = {0.2, 0.6, 0.9}, that the GH shifts for central band S t 0 in the oscillating barrier decreases if α 1 increases. This tells us that by adjusting the value of α 1 we can decrease the value of S t 0 . In Figure 2 (c), we have chosen the parameters α 1 = 0.2, k y = 1 for three different values of the distance d = 0.5 (red line), d = 1.5 (green line), d = 2.5 (blue line) to show S t 0 behaviors. We observe that S t 0 increases if d increases and changes its sign at Dirac points v = ǫ, This change in sign of the GH shifts shows clearly that they are strongly dependent on the barrier heights. Note that, the Dirac points represent the zero modes for Dirac operator [5] and lead to the emergence of new Dirac points, which have been discussed in different works [15, 17] . Such point separates the two regions of positive and negative refraction. In the cases of v < ǫ and v > ǫ, S t 0 is, respectively, in the forward and backward directions due to the fact that the signs of group velocity are opposite. Figure 2(d) presents the numerical results of the GH shifts in transmission S t 1 for first band l = 1 as a function of the potential energy v for specific values of the barrier width d = 1.5, α 1 = 0.4 and three different values of the wavevector k y = 0 (red line), k y = 2 (green line), k y = 4 (blue line). We observe S t 1 decreases if d decreases and then vanishes for k y = 0, that is to say for normal incidence there is no shift. In Figure 3 we present the numerical results of the transmission probabilities and GH shifts in transmission as a function of barrier d with ǫ = 10, v = 15, µ = 0, ̟ = 1, k y = 0, 2. The transmission probability T 0s and the GH shifts S t 0s for the static barrier are shown, which correspond to the case α 1 = 0. While for the oscillating barrier with α 1 = 0.6, we show the GH shifts in transmission S t l and transmission probabilities T l for central band l = 0 and first sidebands l = ±1 as a function of barrier width. The magenta, blue, green and red lines correspond to (T 0s , S t 0s ), (T 0 , S t 0 ), (T −1 , S t −1 ) and (T −1 , S t −1 ), respectively. Figures 3(a,c) present the transmission probabilities and GH shifts in transmission as function of barrier width d for the wavevector k y = 2. where the transmission probabilities for the central band and sidebands in the oscillating barrier show sinusoidal behaviors. We observe that the number of peaks in the GH shifts for the first sidebands S t −1 and S t 1 correspond to the transmission probabilities for the first sidebands T −1 and T 1 are zero, respectively. Figures 3(b,d) show that the transmission probabilities and GH shifts in transmission for normal incidence k y = 0. Obviously, T 0s is unity for larger barrier width and the GH shifts S t 0s is zero. For the oscillating barrier, T 0 varies initially from unity and oscillates periodically for larger barrier width. However, the transmission probabilities for the other first two sidebands T ±1 vary initially from zero then oscillates periodically. This occurs due to the larger time available for the electron to interact with the oscillating potential as it traverses the barrier. In addition, we find that for normal incidence in the oscillating barrier T +1 = T −1 and the GH shifts S t ±1 = 0. Moreover, the total transmission probability through the central band as well as the sidebands is unity. These results imply that perfect transmission at normal incidence is independent of the barrier width, which is yet another manifestation of Klein tunneling. Figure 4 the gap affects the system energy according to the solution of the energy spectrum obtained in region 1. Figure 4(a) show that the GH shifts S t l in the propagating case can be enhanced by a gap opening at the Dirac point. This has been performed by fixing the parameters α 1 = 0.5, k y = 2, d = 1.5, ̟ = 1 and making different choices for the energy and potential. For the configuration (ǫ = 15, v = 8), we can still have positive shifts while for configuration (ǫ = 15, v = 8) the GH shifts are negative. Figures 5(b,d) for µ = 3. We observe that the region of the weak GH shifts become wide with increase in energy gap µ, the shifts are affected by the internal structure of the single barrier. In particular it changes the sign at the total reflection energies and peaks at each bound state associated with the barrier. Thus the GH shifts can be enhanced by the presence of resonant energies in the system when the incident angle is less than the critical angle associated with total reflection. It is clearly seen that S t l is oscillating between negative and positive values around the critical point v = ǫ + l̟ (l = 0, ±1). At such point T l is showing transmission probabilities for the central band and first two sidebands while it oscillates away from the critical point. We notice that for large values of v, the GH shifts become mostly constant and can be positive as well as negative. We deduce that there is a strong dependence of the GH shifts on the potential height v, which can help to realize controllable negative and positive GH shifts.
From Figure 6 , we see that the GH shifts in transmission S t l and the transmission probabilities T l versus incident energy ǫ for the values α 1 = (0, 0.4) k y = 2, v = 10, d = 1. the resonances correspond to the bound states of the static barrier for α 1 = 0 and the oscillating barrier for α 1 = 0.4. We notice that the GH shifts in transmission peak at each bound state energy are clearly shown in the transmission curve underneath. The energies at which transmission vanishes correspond to energies at which the GH shifts in transmission change sign. Since these resonances are very sharp (true bound states with zero width) it is numerically very difficult to track all of them, if we do then the alternation in sign of the GH shifts will be observed. We observe that around the Dirac point ǫ = v + l̟ the number of peaks is equal of that of transmission resonances.
Conclusion
We have studied the Goos-Hänchen shifts for Dirac fermions in graphene through single barrier with time periodic potential in time. This has been done using the solutions of the energy spectrum to write down in the first step the incident, reflected and transmitted beams in integral forms. In the second step, we have employed our results to derive the phase shifts and therefore get the corresponding GH shifts in terms of various physical parameters such as the width and height of the barriers, incident energy, transverse wavevector and frequency of oscillation.
Numerically, we have shown that the GH shifts for the central band and first two sidebands depend on the incident angle of the particles, the width and height of the barrier, and the frequency of oscillation. Our results showed that the GH shifts are affected by the internal structure of the the oscillating barrier, we have analyzed the GH shifts in transmission in terms of incident energy, barrier width, potential strength and energy gap. We observed that the GH shifts in transmission for central band and first sidebands change sign at the Dirac points ǫ = v + lω and switching from positive to negative regimes in a controllable manner.
